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ABSTRACT. The main object of the present paper is to give a complete 
result regarding the best approximation rate of certain trigonometric series in 
general complex valued continuous function space under a new condition which 
gives an essential generalization to O-regularly varying quasimonotonicity. An 
application is present in Section 3. 
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§1. Introduction 

As generalizations to monotonicity condition, various quasimonotonicity condi- 
tions including so-called O-regularly varying quasimonotonicity are introduced and 
applied to convergence of trigonometric (Fourier) series. Interested readers could 
check references such as Nurcombe [3] , and Xie and Zhou [8] for uniform convergence 
and Stanojevic [4, 5], and Xie and Zhou [7] for L 1 convergence. 

Let Ci-k be the space of all real or complex valued continuous functions fix) of 
period 2ir with norm 

||/||= max |/(x)|, 

— O0<£<00 

and E n (f) the best approximation by trigonometric polynomials of degree n. Given 
a trigonometric series J2kL-oo Cke lhx := lim J2k=- n c k£ lkx , write 



n— »oo 



fix) = £ c k j kx =: Y, f( k > 

k=—oo k=—oo 

at any point x where the series converges. Denote its nth partial sum S n (f, x) by 

n 

k=—n 

For a sequence {c n }™ =0 , let 

Ac n C n Cfi+i. 

A non-decreasing positive sequence {R(n)}™ =1 is said to be O-regularly varying 

if 2 

R(2n) 
lim sup < oo. 

n^oo ii[Tl) 



1 Supported in part by National and Zhejiang Provincial Natural Science Foundations of China 
under grant numbers 1041001 and 101009 respectively. 

2 In some papers, this requirement is written as that for some A > 1, limsupi?([An])/i?(?i) < oo. 

n — >oo 

It is just a pure decoration. 
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A complex sequence {c n }^L Q is O-regularly varying quasimonotone in complex 
sense if for some 9 G [0, 7r/2) and some O-regularly varying sequence {R(n)} the 
sequence 

A-^- G K(6 ) := {z : |arg^| < 6 }, n = 1, 2, • • • . 

Evidently, if {c„} is a real sequence, then the O-regularly varying quasimonotonic- 
ity becomes 

A-^->0, n=l,2,---, 
R(n) 

which was used in many works to generalize the regularly varying quasimonotone 
condition and, in particular, the quasimonotone condition 3 . 

In 1992, without proof, Belov [1] announced the following result: 

Theorem B. Let {a n } and {b n } be quasimonotone sequences satisfying J2^=o a n < 
oo and lim nb n = 0. Define 

n^oo 

oo oo 

f(x) = a n cosnx, g{x) = b n sin nx. 

71=0 71=1 

Then f,g<E C2 n have the following estimates: 

oo 

E n(f) ~ max ka n+k + ^ a fc , 

fe=2n+l 

and 

E n (g)~ m&xkb n+k . 

It is essentially generalized recently by Xiao, Xie and Zhou [6] for general complex 
valued trigonometric series (thus a proof is given to Theorem B) as follows. 

Theorem XZ. Let {f(n)}^L and {f(n) + /(— n)}™ =1 be complex O-regularly 
varying quasimonotone sequences, and 

oo 

f(x)= £ f(n)e™. 

n=—oo 

Then f G C2 n if and only if 

oo 

El/( n ) + /(-n)l<°° 

n=l 

and 

lim nf{n) = 0. 



3 A real sequence {b n }^ =0 is denned to be quasimonotone if, for some a > 0, the sequence {b n /n a } 
is non-increasing. 
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Furthermore, if f G CW, then 4 

E n (f) » max fc ( /(n + fc) + /(-n - fc) ) + max k f(k) - f(-k) 

OO 

+ E l/» + /(-*)!■ 

fe=2n+l 

We make a quick remark here. We notice that, in the complex valued function 
space, the assumption that both {/(n)}^i and {f(—n)}^ =1 are complex O-regularly 
varying quasimonotone is a convenient one, but is almost trivial, since it is almost the 
same as the condition in real case. Thus people usually use one side quasimonotonicity 
with some kind balance condition in considering those problems. Theorem XZ reflects 
this kind of thinking. 

Motivated by an idea in Leindler [2], our work [11] introduced a new condition, 
and we present here a revised form as follows: 

Definition. Let c= {c n }^ 1 be a sequence satisfying c n G K(9i) for some 9\ G 
[0, 2n) and n — 1, 2, • • •. If there is a natural number N such that 

2m 

E I AC «I < M ( C ) ™ aX „ \°n\ (!) 
n=m — 

holds for all m — 1,2, • • where M(c) indicates a positive constant only depending 
upon c, then we say that the sequence c belongs to class GBV. 

We recall the following results. 

Lemma 1. Suppose a complex sequence {c n } is O-regularly varying quasimono- 
tone, then there is a positive constant M depending upon 9 only such that 

\c n \ < MRec n , n = 1, 2, • • • , 

or in other words, c n G K(9±) for some 9\ G [0, 7r/2) and n = 1, 2, • • •. 

The argument exactly follows from Xie and Zhou [8, Lemma 1], and the condition 
lim Cn = there can be cancelled however. 

Lemma 2. Let {c n } be any given complex O-regularly varying quasimonotone 
sequence. Then {c n } satisfies (1) for N — 1. 

The proof can be copied from Zhou and Le [11, Theorem 3] with omitting the 
condition lim c n = there. 



4 As usual, A n w B n means that there is a positive constant C > independent of n such that 
C^ 1 B n < A n < CB n . 
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We obviously see that, from Lemma 1 and Lemma 2, if c = {c n }^ =1 is any 
given complex O-regularly varying quasimonotone sequence, then {c n } G GBV. On 
the other hand, since the converse is not true (see [11]), the class GBV gives an 
essential and explicit generalization to the class of O-regularly varying quasimonotone 
sequences. 

From Sfeli k~ a sin2 fc x =: Y^Li K sin nx, a > 1, we can clearly see that, for any 
e > 0, rfb n — > oo, n — > oo, therefore, the condition (1), in general sense, cannot be 
further generalized. 

Throughout the paper, C denotes a positive constant (which is independent of n 
and x G [0,27r]) not necessarily the same at each occurrence. In some specific cases, 
we also use M(c) to indicate a positive constant only depending upon the sequence 
c. 

§2. Results and Proofs 

We present the main result of the paper. 

Theorem 1. Let {/(n)}~ =0 G GBV and {f(n) + f(~ n )}n=i e GBV ; and 

oo 

/(*)= E KnY nx - 

TTiera / G C 27r i/ an<i onZy i/ 

oo 

E !/(») + /(-")!<«) (2) 

n=l 

and 

Bmn/(n)=0. (3) 

Furthermore, if f G C 27r; t/ien 

£„(/) » max fc ( /(n + fc) + /(-n - fc) ) + max fc />) - /(-*) 

oo 

+ E l/» + /(-*)!■ 

fc=2n+l 

First we establish several lemmas. 

Lemma 3 (Xie and Zhou [8, Lemma 2]). Let {f(n)} satisfy 
/(n) + /(-n)G^ 1 ), n = l,2,-.., 
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for some 9i G [0, 7r/2). Then f G implies that 

oo 

E l/M + /(-*)! <°°. 



n=l 



Lemma 4. let {/(n)}~ =0 G GBV and {f(n) + /(-n)}~ =1 G GBV. Suppose 
f G C 27r , t/ien 

max fc|/(±(n + fc))| = 0(E n (f)). 



k>i 



Proof. Let t* n (x) be the trigonometric polynomials of best approximation of 
degree n, then from an easy equality 



1 r n 

27T J-n 



'N-l 

E^ 

\fc=0 



alx = N 



we get 



1 /-7T N 

- jfj/(s) - C(:r))e ±i(n+1) * |£ ^ 



< NE n (f). 



Also, the left integral within the absolute value symbols of the above inequality equals 
to £ (A;/(T(n + fc)) + (N- k)f(T(n + N + k))), then 



NE n (f) > 



N 

E (A;/(T(n + k)) + (N — k)f( T (n + N + k 



k=i 



> Re E {kf(T(n + k)) + (N - k)f( T (n + N + k))) 



vjfc=i 

Thus by the definition of GBV, 

N 



k=l 



NE n (f) > E (kRef(n + k) + (N - k)Ref(n + N + k) 

N 

>Y,kRef(n + k), (4) 



k=i 



and 



2NE n (f) >J2 k ( Re /> + k ) + Re/(-n - fc)) • (5) 



fc=i 



By the same argument as (4), we also have 



2N 



2NE 2n {f)>Y,kRef{2n + k). (4') 

k=l 
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Fix sufficient large n, assume 

max |/(n + AO| = |/(n + *,-)l, j = 0, 1, • • • , [N/(2N )\ - 1, 

N/2+jN <k<N/2+(j+l)N 

n + N/2 <n + N/2 + jN < n + k 3 - < n + N/2 + {j + 1)N <n + N. 
From condition (1), we get for < j < [N/(2N )] — 1, 



\f(n + N)\ = 



2n+N+2jN -l 

Y Af(k) + f(2n + N + 2jN ) 

k=n+N 



< Y \Af(k)\ + \f(2n + N + 2jN )\ 

n+N/2+jN <k<2n+N+2jN 

< M(f)(\f(n + kj)\ + \f(2n + N + 2jN )\) 
< M(f, e ± ) (Re/(n + kj) + Re/(2ra + iV + 2jiV )) , 
therefore, together with (4) and (4'), we deduce that 

N 2N 

3NE n (f) > NE n (f) + 2NE 2n (f) > Y kRef(n + k) + Y kRef(2n + k) 

k=l k=l 

[N/(2N Q )]-1 [N/(2N )]-1 

> Y k j Ref(n + k j )+ Y (N + 2jN )Ref{2n + N + 2jN ) 

3=0 3=0 
[N/(2N )]-1 

> C S k i ( Re /( n + k i) + Re/(2n + iV + 2jjV )) 
j"=o 

[AT/(2AT )]-1 [JV/(2JV )]-1 

>C Y k 3 \f(n + N)\>C\f(n + N)\ Y (N/2 + jN ) 

j=0 j=0 

>CN - l N 2 \f(n + N)\. 
Finally, we achieve that, for > 1, 

N\f(n + N)\<CE n (f), 

or in other words, 

maxk\f(n + k)\<CE n (f). 

k>l 

At the same time, starting from (5), since {f(n) + /(— n)}™ =1 £ GBV, a similar 
argument leads to that 

maxk\f(n + k) + f(-n - k)\ = 0(E n (f)). 
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Thus 

maxk\f(-n - k)\ < maxk\f(n + k)+f(-n-k) \ + max k\f(n + k)\ = 0(E n (f)). 

k>l k>l k>l 

Lemma 4 is completed. 

As an important application, we write the following corollary of Lemma 4 as a 
theorem. 

Theorem 2. Let {/(n)}~ G GBV and {/>) + /(-™)}~=i e GBV. /// G C 2?r; 
inen 

lim n\f(±n)\ = 0. 

Corollary. Let {6 n }^L 1 G GBV 6e a real sequence 5 . Suppose g(x) = Yl%Li °n sin nx G 
Ci-k, then 

lim n6 n = 0. 

n— >oo 

Lemma 5 (Xiao, Xie and Zhou [6, Lemma 4]). Let f G C 27r , f(n) + f(—n) G 
K(9 1 ), n = 1, 2, • • for some < 6 1 < tt/2. Then 

oo 

E |/(*) + /(-*)l = o(^„(/)). 

fc=2n+l 

Lemma 6. Let {/(n)}~ =0 G GBV and {f(n) + /(-n)}~ =1 G GBV ; then 



/(±(n + fc)) sin /ex 



fe=i 



O (max fc (|/(n + fc)| + |/(-n - fc) 



ZioZds uniformly for any x G [0, ir]. 



Proof. The cases x = and rr = n are trivial. Suppose < x < n. When 
< x < ir/n, by the inequality | sina;| < \x\ we have 



k=l 



<-J2 k \f( n + k)\<n max k f(n + k) 

Tl k=l l<k<n 



(6) 



On the other hand, in case n/n < x, we find an natural number m < n such that 
m < tt/x < m + 1, then 



/(n + fc) sin kx 



k=i 

It is clear that 



< — Y k \f(n + k) 



/(n + fc) sin kx 

k=m+l 



-■■ \h\ + \h\- 



\h\ < 7T max k\f(n + k)\. (7) 

1 ^ ^TTt 



3 It means b n > and satisfies condition (1). 
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By Abel transformation, 

n— No~l k n—No m 

I 2 = E Af(n + k)Ysinjx + f(2n-N )^2smjx-f(n + m + l)^2smjx 

k=m+l j=l j=l j=l 



+ E f(n + k) sin kx, 

k=n-N +l 



so that f 



n-No-l 

\I 2 \<(m + l) V \Af(n + k)\ +C max k\f(n + k)\ + N max \f(n + k)\. 

, — ' m<k<n n~No<k<n 

k=m+l 

But by the condition of Lemma 6, taking a natural number / such that 2 l {m + 1) < 
n - N - 1 < 2 m (m + 1), and setting 

max |/(n + £;)| = |/(n + %)], 

2i (m+l)<k<V (m+l)+N J 

we then have 7 

n-JVo-l l+l 2^ +1 (m+l)-l l+l 

E |A/(n + fc)|<E E |A/(n + fc)|<M(/)El/(n + *i)l 

k=m+l j=0 k=2J(m+l) j=0 



l+l oo 

< C max fcl/^ + ^lE^" 1 < C{m + iy l max fc|/(n + k)\ E 2_j 
- - j=o - - j=0 



< C(m + 1)" 1 max fc|/(ra + Jfe)|. 



Therefore, with the above estimates, we get 



|J 2 | < C max k\f(n + k)\. 

1 1 ~~ Kk<n 1 v " 



Combining with (6) and (7), we have 



E f( n + ^) sm kx 
k=i 



O I max k 

\l<k<n 



f(n + k) 



Now write 

n n n 

E ~~ ^) sin /ex = E + + /(— " — fc)) sin /ex — /(n + k) sin /ex. 



fc=i 



fc=i 



k=i 



6 Note that £^ =1 sin jx = 0{x~ l ) = 0((m + 1)) for m < -k/x < m + 1. 
7 Note that any fcj < n. 



Applying the above known estimate, by noting that both {/(n)}£l G GBV and 
if(n) + ! G GBV, we get 



/(— n — fc)) sin /ex 



fc=i 



O ( max k f(n + k) + f(-n - k) 



+ max k 

Kk<n 



fin + k) 



= O (max A; (|/(n + k)\ + \f(-n - k)\)j . 

Lemma 6 is proved. 

Similarly, we can establish the following 

Lemma 7. Let f G C 2n , {/(n)}~ =0 G GBV and {/(n) + /(-n)}~ =1 G GBV, £aen 



/(±fc) sin fcx 



k=m 



= o(max^(|/>)| + |/(-A:)|) 



ZioZds uniformly for any x G [0, 7r] and any m > 1. 
Proof. Write 

oo 

H x ) = E f(k)smkx. 



k=m 



Noting for x = and x = 7r that I(x) = 0, we may restrict x within (0, ir) without 
loss. Take N = [l/x] and set 8 



N-l 



Now 



I(x) = E f(k)smkx+ E f(k) sin kx —: Ji(x) + J 2 (x) 

k=m k=N 



N-l N-l 

\Ji(x)\ < E |/>)||sin^| <x^ k\f\k)\ 

k=m k=m 



< x(N - l)e m < e m 

follows from = [l/x], where e m = max k\f(k)\. By Abel's transformation, similar 

k>m 

to the proof of Lemma 6, 

\Ux)\ 



oo k N-l 

Af(k) E sinvx — f(N) E sin-ra 

k=N v=l v=l 



< E |a/»| 

k=N 



E sm vx 

v=l 



+ 



f(N) 



N-l 



E sinvx 

v=l 



8 When N < m, the same argument as in estimating J 2 can be applied to deal with I(x) 
J2T= m f( k ) sin kx directly. 
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oo 2i +1 N-l oo 

<C^ _1 E E ^fm + Cx-^fiN^KCe^^ <Ct m . 

j=0 k=2W j=0 



Altogether, we have 



\I(x)\<Ce m , 



that is the required result for Y^k=m /(^) s i n Since f(—k) = f(k) + f(—k) — f(k), 
by the condition, we can deduce the required result for J2kL m f(~ ^) srn fcc. Lemma 
7 is completed. 

Proof of Theorem 1. Necessity. Suppose / G C 27r . From Lemma 4, (3) clearly 
holds, while by Lemma 5, we see 

oo 

E |/» + /(-*)l = o(s B (/)), 

fc=2n+l 

thus (2) holds. 

Sufficiency. It can be deduced from Zhou and Le [11, Theorem 1] with a minor 
revision. 

Assume / G C 27r now. By Lemma 4 and Lemma 5, we see 

oo 

maxk\f(±(n + k))\+ E l/» + /("*)! = 0(E n (f)). 



k=2n+l 



On the other hand, rewrite f(x) as 

2n 

E 

fc=-2n 



f(x)= £ /(A;)e fc + * 2 (/»-/(-*)) s^fcr 

k=-2n k=2n+l 
i oo 

+ ~ E (f(k) + f(-k))(e ikx + e- ik *), 



k=2n+l 



then we have 



En(f) < 
n 

-E 



J2 (f(n + k)e i{n+k)x + f(-n - k) e - l{n+k)x ) 
n + k)e l{n ~ k)x + f(-n - k)e i{ ~ n+k)x " 



k=i 



+ 



< 



E (f(k)-f(-k))smkx 

=2n+l 

E (f( n + ^) S ^ n ^ + /( — n ~~ sin(— fee) 



+ E + /(-*) 

fe=2n+l 



fc=l 



+ 



CXJ 



fc=2n+l 
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+ E /(*) + /(-*) 

fe=2n+l 



Applying Lemma 6 immediately yields that 



E (f( n + ^) s ^ n k x + /( — n ~~ sin(— /ex 



fc=i 



< max 

Kfc<n 



/(n + fc)| + |/(-n-*)|), 



while by noting that /(A;) - /(-A;) = 2f(k) - (/>) + f(—k)) and both {/(ra)}~ G 
GBV and {/(n) + f(-n)}™ =1 G GBV, we deduce that 



E (f(k)-f(-k))^nkx 



k=2n+l 



= 0(2 max A; 

fc>2n+l 



/(*) + maxj f(k) + f(-k) 



by Lemma 7. Suppose max A; /(A;) 



= rn 



f(m ) . Take sufficient large n such that 



4n — 2iV > 3n + 1. Assume that 2n + 1 < m < 4ra. Then in view of (1), by a 
standard technique used in the present paper, one has 

4n-2N 

/(m )|< J2 |A/>)| + |/(4n-27V + l) 

k=mg 



4n-2N 

< J2 |A/>)| + |/(4n-2JV + l) 

k=2n-N 



< C ( max 

\n— No<k<n 



f{n + k) + /(4n-27V + l) 



Hence, 



m 



< C ( max A: 

\l<fc<n 



/(ra + fc) + (An - 2N + 1) f(An - 2N + 1) 



(8) 



Meanwhile, for m > An + 1, 

1 



m 



<-m 



/(™o) - f(-m ) 



+ -m 



/(m ) + /(-mo) 



< max A; 

fc>2n+l 



fik)-f(-k) +o\ E |/(*) + /(-*) 

fc=2n+l 



where the last inequality follows from m > 4n + 1 and the following calculation: 
Assume that 

max |/(A;) + f(-k) | = |/(A%) + /(-*,-) |, 

(mo+l)/2+iJVo<fe<(m +l)/2+(j+l)iV ' W V 71 ' V ^ V 



j = 0, [(m + 1)/(27V )]-1, 
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2n + 1 < (mo + l)/2 + jN < kj < (m + l)/2 + (j + l)iV < m + 1. 
From condition (1), we get for < j < [(m + l)/(2jV )] — 1, 

|/(m ) + /(-m )| < l A (/>) + 

(mo+l)/2+j"JV <*;<mo+l+2jJVo 

+\f(m + 1 + 2jN + 1) + /(-mo - 1 - 2jW - 1)| 
< M(/)|/> J ) + /(-%)| + |/(m + 1 + 2jN + 1) + /(-m - 1 - 2jN - 1)|, 



thus 



m \f(m ) + f(-m )\<CM(f)\ ^ |/(fc) + f(—k) 

k=2n+l 



By the same technique, for the factor appearing in (8), we also have (note An — 2N > 
3n + 1) 



(4n-27V +l) f(4n - 2N + 1) < max fc 

fe>2n+l 

From the above discussion, we see that 



f(k)-f(-k)+o[ j: \f( k ) + f(-k) 

k=2n+l 



max k 

k>2n+l 



f(k) 



< C max k 

Kk<n 



f(n + k) 



- max k 

k>2n+l 



f(k)-f(-k)+0[ J2 \f(k) + f(-k)\ 

fe=2n+l 



holds in any case. With condition that f(k) + f(—k) G GBV, by a similar way we 
can also get 



max k 

k>2n+l 



f(k) + f(-k) < C max k (\f(n + k)\ + \f(-n - k 

Kk<n \ 



+o[ E l/» + /(-*)! 

\fc=2n+l 

Combining all the above estimates, we have completed the proof of Theorem I. 



§3. An Application 

Let 

oo 

f( x ) = J2 f( n ) cosnx. 

n=0 

The following theorem is an interesting application to a hard problem in classical 
Fourier analysis. Interested readers could check Zhou [10] or Xie and Zhou [9, p. 112], 
for example. 
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Theorem 3. Let {f(n)} G GBV be a real sequence. If f e C 27r and 

£ />) = O (max fc/(n + fc)) , 

||/-S n (/)||=0(£ n (/)), 
where S n (f) is the nth Fourier partial sum of f . 
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